The problem of mass origin in field theory lies in accounting for a quantum field theory with massive vector bosons out of a classical field theory which is both gauge invariant and massless. The possibility is here considered that, instead of assuming the existence of Higgs bosons, the very process of generating the correct action for the quantum theory allows for generation of massive terms in the quantum Lagrangian. We show that this is possible provided the gauge-averaging functional is viewed as a map acting on the potential and taking values in the set of 4 × 4 matrices. Gauge independence is achieved upon considering the joint effect of gauge-averaging term and ghost fields. As an example, the modified photon and ghost propagators in quantum electrodynamics are evaluated when a term proportional to contraction of flat-space gamma-matrices with the potential is suitably added to the Lorenz term in the choice of supplementary condition, and the associated perturbative renormalization is outlined. The experience acquired with quantum electrodynamics is used to find under which conditions correct masses of W and Z bosons can be reproduced.
Introduction
A key task of theoretical physics has been always the description of a wide variety of natural phenomena within a unified conceptual framework, where they can all be derived from a few basic principles which have been carefully tested against observation. The development of local or non-local field theories, the investigation of perturbative and nonperturbative properties, and the construction of gauge theories of fundamental interactions provide good examples of how such a task can be accomplished. Moreover, when a commonly accepted model remains unproven for a long time, the theoretical physicist has to perform a careful assessment of the ideas leading to such a prediction, and he is expected to find either an independent way to confirm it, or an alternative way to understand the phenomenon.
Within this framework, it is the aim of our paper to reconsider a longstanding problem in particle physics and field theory, i.e. the generation of mass in gauge theories of fundamental interactions. Although the Higgs mechanism provides a well understood theoretical model for the generation of mass [1] , the analysis of alternative models appears necessary for at least a fundamental reason: no conclusive evidence on the existence of the Higgs field is available as yet. At present one can only say that, if the Higgs particle exists, its mass cannot exceed 188 GeV [2] . For example, in the Weinberg-Salam model [3] [4] [5] , the Lagrangian density L (hereafter we omit the word "density" for simplicity) contains five terms describing gauge bosons, the coupling of gauge bosons to scalars, the coupling of gauge bosons to left-handed and right-handed fermions, and the gauge-invariant interaction among scalars and fermions, respectively. In particular, the coupling of gauge bosons to scalars is described by the term
where φ is a Higgs field and the gauge-covariant derivative reads 
Gauge-Averaging Functionals
At this stage, the fundamental point in our investigation is the need to recall a well known property of all gauge theories: since an invariance group is present, the operator obtained from second functional derivatives S ,ij of the classical action S is not invertible.
To obtain an invertible operator on field disturbances one has to add to S ,ij a term obtained from the generators of infinitesimal gauge transformations and their adjoints [6] . In the corresponding quantum theory, the counterpart of this construction is the addition of a gauge-averaging term to the original Lagrangian L [7] . The resulting Lagrangian leads to well defined functional determinants in the one-loop semiclassical theory and is part of the path-integral prescription for gauge theories, aimed at avoiding a "summation" over gauge-equivalent field configurations for the out-in amplitude. In other words, the two key elements of the model we are going to propose are as follows.
(i) A gauge-invariant Lagrangian is very elegant but not really useful by itself. One needs instead a Lagrangian leading to an invertible operator on field disturbances [6] [7] [8] .
(ii) Massless theories have properties not always shared by massive theories. For example, the invariance under conformal rescalings of the metric is usually spoiled by mass terms [9] .
Can we therefore view mass as arising from (small) disturbances [6] of a massless theory?
Bearing in mind these properties, let us consider for simplicity the Lagrangian for Euclidean
Maxwell theory via path integrals (here we write only the part involving the potential):
With a standard notation, F µν is the electromagnetic field strength that contributes the non-invertible operator (R µν being the Ricci tensor of the background with metric g)
acting on the potential (with ≡ ∇ µ ∇ µ = g µν ∇ µ ∇ ν , and ∇ the Levi-Civita connection on space-time). Moreover, α is a dimensionless parameter, and Φ is the gauge-averaging functional (a slightly richer structure will be considered at the end of Sec. 3)
The potential A is mapped into the real number Φ(A) via the action of Φ in a way here expressed in the form
In a local formulation, T µ = ∇ µ leads to the Lorenz gauge, while T µ = N µ leads to a gauge of the axial type. Another useful way of looking at this is to assume that a kernel
νµ exists such that (M being space-time, or the portion of space-time we have access to)
where, following DeWitt [6] , primes refer to tensor indices at the space-time point x ′ which is being integrated over. For example, on taking
one finds T ν A µ = ∇ ν A µ , and hence the Lorenz gauge is recovered, with the associated operator 5) which becomes of Laplace type (in a Euclidean framework) when α is set equal to 1 (this is the Feynman choice for α). More generally, we may consider gauge-averaging functionals of the form 6) where the term Q(A) is defined by
As a first step, on setting for simplicity α = 1, the resulting operator on A µ is found to be [10-13] 
Form of the Kernel and Role of γ-Matrices
The contribution (2.11) is not a mass term unless
for a suitable one-form J µ dx µ , so that the right-hand side of (2.11) reduces to
with J a positive constant. What is crucial for us is to prove that some kernels Q µ exist such that Eqs. (3.1) and (3.2) hold with J > 0 and constant. This is indeed achieved if J µ in such equations are chosen to satisfy the anti-commutation relations of a Clifford algebra:
Interestingly, this means that the desired J µ can be chosen to coincide with γ-matrices:
The resulting value of J is then equal to 1, and the corresponding kernels Q µ read (here 5) which is the appropriate solution in local quantum theory.
However, one cannot simply add the derivatives of A µ in the Lorenz gauge and γ µ terms, since the latter are four-vectors with components given by matrices. We therefore propose to consider, in the case of a purely local formulation in flat space, the gaugeaveraging functional (hereî,ĵ are matrix indices ranging from 1 through 4)
where we use a notation that makes it explicit how to add correctly partial derivatives and γ-matrix contributions, and the parameter β is now introduced to ensure that all terms in Φĵ i have the same dimension (i.e. β has dimension [length] −1 ). The resulting gaugeaveraging term in the path integral for quantum electrodynamics reads (see the general theory in Sec. 4)
where, having defined the symmetric matrix (with α a real parameter)
one finds
since the γ-matrices are traceless, and Tr(γ µ γ ν ) = 4g µν . When β is set to zero, this reduces to the familiar Lorenz gauge-averaging term, which is why the numerical factors have been chosen as in the definition (3.7). The above result is original and non-trivial:
we have found the most general linear covariant gauge which allows for mass terms upon performing gauge averaging in the path integral for quantized Maxwell theory.
Note that, on denoting by I the 4 × 4 identity matrix, the operator 
Thus, it is impossible to relate the commutator of these "derivatives" to the space-time curvature, since the Riemann tensor of Minkowski space-time vanishes. The gauge curvature does not help either, because, on defining
which does not yield (3.9) upon mapping A into γ. This means that no formal analogy can be proposed between the operator occurring in (3.6) and the Townsend construction [14] for supergravity in anti-de Sitter.
Proof of BRST Invariance
The material in this section, although not new by itself, helps to put on solid ground the original work in Secs. 5-8, and hence is presented in some detail, although the standard of rigour remains the one accessible to physics-oriented readers.
Becchi-Rouet-Stora-Tyutin (hereafter BRST)-invariance is well known to be essential to obtain perturbative unitarity and cancellation of divergences in the renormalization of gauge theories [15, 16] (leaving aside the more difficult case of perturbative quantum gravity). To prove this we use the notation in Refs. 6,7, which has the advantage of being extremely general and useful for calculations, and hence write down the out-in amplitude for gauge theories in the form (here we revert to the use of a real-time formalism)
where ϕ are the fields (e.g. the gauge potential), S is the classical action, P a [ϕ] denotes the gauge-averaging functional, ω ab is an arbitrary symmetric non-singular continuous matrix, χ and ψ are the ghost fields with ghost operator F a b . The infinitesimal BRST transformations read [17] 
3)
where δλ is an infinitesimal anticommuting constant, Q 
restricted by the group-theoretical identity [6] the full argument of the exponential in Eq. (4.1), its BRST invariance is proved by using the previous formulae and assumptions and recalling that
Note now that, by virtue of (4.2)-(4.4), the infinitesimal BRST variation of S[ϕ, χ, ψ] reads
Since the classical action is gauge-invariant, one has
Moreover, the sum of the second, third and fourth term on the right-hand side of (4.8)
vanishes as well, because
and exploiting the symmetry of ω ab . The fifth term on the right-hand side of (4.8) reduces
and hence vanishes as well. Last, on using the identity (4.6) to express
cd , the sum of sixth and seventh term on the right-hand side of (4.8) reads
which is found to vanish after relabelling indices and exploiting the identity
Moreover, the integration measure dϕdχdψ in (4.1) is BRST invariant provided that 17).
The gauge-averaging term breaks the gauge invariance of the original Lagrangian [17] while the full argument of the exponential in Eq. (4.1) is invariant under infinitesimal BRST transformations as we have shown. By gauge invariance one means, of course, invariance under a transformation which, in the Abelian case, reduces to A ′ µ = A µ + ∂ µ f . By gauge independence one means instead that physical predictions from the "quantum Lagrangian" are independent of the choice of gauge-averaging functional P a and invertible matrix τ ab . In our model, the previous analysis can be used to show that what remains BRST invariant is the variation of the gauge-averaging term when compensated by the BRST variation of the first part of the ghost action, i.e.
In other words, one can say that the overall process is gauge independent, upon considering the joint effect of gauge-averaging term and ghost fields.
Photon and Ghost Propagators
As a first step towards quantization of non-Abelian theories we now consider a simpler but instructive problem, i.e. the photon propagator in the Euclidean version of quantum electrodynamics with gauge-averaging functional (3.6). In modern language, the path integral tells us that the photon propagator is obtained by first evaluating the gauge-field operator P µν resulting from the particular choice of Φ(A), then taking its symbol σ(P µν ) and inverting such a symbol to find σ −1 (P µν ) for which σσ 
for some contour ζ, where σ −1 (P µν ) should be thought of as carrying contravariant indices, in agreement with the left-hand side. In the light of (3.6) and (3.8), our gauge-field Lagrangian (2.1) turns out to be, by virtue of gauge averaging,
where
and
Of course, the term ρ µ only contributes to a total divergence and hence does not affect the photon propagator, while the parameter α can be set equal to 1 (Feynman choice) so that calculations are simplified. Thus, we can eventually obtain the gauge-field operator
The symbol of (5.5), which results from Fourier analysis of our translation-invariant operator, reads 6) and hence our Euclidean photon propagator reads
where the points x and y refer to the indices µ and ν, respectively. Note that integration along the real axis for k 0 , k 1 , k 2 , k 3 avoids poles of the integrand, which are located at the complex points for which k 2 = −β 2 .
The corresponding ghost propagator can be evaluated along the same lines, after remarking that, by virtue of (3.6), one finds (here
Equation (5.9) yields the ghost operator, whose symbol reads
Its inverse σ −1 (P) is found from the requirement 11) where the inverse has the general structure
Equations (5.10)-(5.12) imply that
14)
The ghost propagator reads therefore
As in the case for photons, integration along the real axis avoids poles. These are located, in the Euclidean case (for which k 2 = g µν k µ k ν > 0, ∀k = 0), where Eq. (5.14) cannot be solved for Ur l . This means that the term in round brackets on the left-hand side therein, here re-written in the form
vanishes. Such a condition is fulfilled if
On taking the matrix trace and bearing in mind that γ-matrices are traceless, Eq. (5.16) yields 4k µ = 0, ∀ µ = 0, 1, 2, 3, which is incompatible with having k 2 = 0, hence proving our statement about the pole structure.
As far as ultraviolet problems are concerned we note that our photon propagator has the same large-k behaviour as in the Lorenz gauge, the only difference resulting from the pole structure, since we have introduced a mass term by exploiting the parameter β in the gauge-averaging functional (3.6).
Outline of Perturbative Renormalization
A crucial question is now in order, i.e. how the perturbative renormalization programme can be initiated with our choice for the gauge-averaging functional. For this purpose, we revert to the full Lagrangian density L for spinor electrodynamics, including the gaugeaveraging term. Since we are aiming to split L into a sum of physical and counterterm parts, we write the potential and spinor field as [18] 
1)
and similarly for mass, charge and gauge parameter respectively, i.e.
4)
Moreover, since Eq. (3.6) describes actually a one-parameter family of supplementary conditions [6] by virtue of β, we also introduce, at the beginning of renormalization, the equation
where ρ can be fixed in due course (see below). Now we are ready to write the Lagrangian density in Minkowski space-time:
where this general formula is here considered for Φ(A B ) carrying matrix indices as in (3.6), so that it is "squared up" according to (3.8) , with β and the potential replaced by their renormalized values therein. The parameters α and β describe the choice of invertible matrix (3.7) and the choice of gauge-averaging functional, respectively. By virtue of (6.3)-(6.7) our Lagrangian density admits the split
where the physical part reads
while the part involving counterterms is given by (cf. Ref. 18 )
In the equation for L ph the parameters e, m, β should be fixed by experiment, while the parameter α is arbitrary. More precisely, for each choice of α, the value of β 2 α is fixed by experiment.
We have therefore made it precise that a broader framework exists where a massless gauge theory of spin-1 bosons is the β → 0 limit of a theory which acquires mass thanks to the process of gauge averaging. Mass is not added by hand by adjoining a massive term to the Maxwell Lagrangian at the classical level, nor is it obtained by postulating the existence of a Higgs field. Mass generation in the quantum theory of gauge fields is instead a process made possible by the gauge-averaging process in the path integral: for each choice of α, the value of β should be fixed by experiment, as it happens for e and m. In other words, a mass-like term in the full Lagrangian is always allowed by the general formalism of quantized gauge theories, and the parameter β is then fixed on observational ground.
The apparently undesirable properties of A µ A µ are compensated by the ghost fields, in that the addition to Eq. (6.7) of the ghost Lagrangian density leads to a BRST-invariant theory (see Sec. 4). Note also that, if
the counterterm Lagrangian is then completely gauge-invariant, so that the standard way of implementing perturbative renormalization applies hereafter [18] .
Mass Terms for Vector Mesons
The aim of the previous analysis was not to find an alternative to the Higgs mechanism for Abelian theories, for which no such mechanism is needed, but rather to prepare the ground for studying gauge theories relying upon non-Abelian groups. We can now work out how the above ideas (in particular, linear covariant gauges which include the effect of γ-matrices) can be generalized to obtain mass generation in an electroweak theory without Higgs field; an intriguing theoretical structure will be found to emerge, eventually.
First, the gauge-averaging functional (3.6) is replaced by an equation representing 4 of them (here no summation over the index a is understood)
Note that, after the experience acquired in Secs. ¿From now on we focus on the resulting mass-like term, which is our main goal. This reads, summing over all values of µ, ν and a, b, and taking the matrix traces as in (3.8),
With our notation, where we denote by k, l the indices a, b when taking the values 1, 2, we find, upon choosing
3) the formula
The assumption (7.3) has been made since in the electroweak theory with Higgs field the mass term associated with W bosons can indeed be cast in the form (7.4). Moreover, by exploiting the identity g µν Z µ Z ν = Z µ Z µ , and choosing
we find, by virtue of (1.3),
where we have set θ w ≡ θ for simplicity of notation. Similarly, we find
Furthermore, by virtue of (7.5) and of the identity
Last, the mixed term f 5 (W 1 , W 2 , Z, A) takes the form
Now we point out that, since the mixed term f 5 is not observed in nature, we have to set τ 0k = τ k0 = 0, τ 3k = τ k3 = 0, ∀k = 1, 2. (7.10)
As far as the photon mass m γ is concerned, we keep it alive for the time being because the following calculations will show that it plays a key role in ensuring internal consistency of our model. Moreover, we bear in mind that no mixed term f 4 (Z, A) has ever been found in experiments. By virtue of (7.7) and (7.8), these two requirements lead to the equations Such formulae imply that 18) and the insertion of (7.13) and (7.14) into Eq. (7.6) makes it possible to fix the value of Interestingly, the first term on the right-hand side of Eq. (7.19) depends on the Weinberg angle exactly as in Eq. (1.4), which relies instead on the Higgs boson, but we now have a correction resulting from the photon mass, which should be non-vanishing to ensure invertibility of the matrix (7.15) as we have seen. The issue of the photon mass is indeed not entirely settled. After the investigations in the seventies [20] [21] [22] , more recently high mass photon pairs have been considered at LEP [23] , while in other branches of modern physics the concept of photon (effective) mass is intimately related to the possibility of accelerating photons by moving plasma perturbations [24] . We will see in the following section how the m γ → 0 limit can be taken.
Note also that, since we only fix by experiment the products τ β (see (7.16)), which then determine the β-parameters as functions of m W , m Z , m γ , θ, τ and τ 33 . This finding is in agreement with the general path-integral prescription for quantized gauge theories, according to which the masses of vector mesons should be independent of the particular invertible matrix τ ab [7, 17] .
The m γ → 0 Limit and its Implications
The m γ → 0 limit deserves now a careful analysis to make sure that our model is viable.
For this purpose, we first revert to quantum electrodynamics, since our 4 × 4 matrix τ ab of gauge parameters corresponds to the 1 × 1 matrix 1 α in QED and hence the det τ → 0 limit corresponds to the α → ∞ singular limit in QED. If the latter is understood, we understand the former as well. Indeed, for arbitrary values of α, the symbol of the gauge-field operator in QED reads (cf. Sec. 5)
Its inverse σ −1 is a combination of g µν and k µ k ν with coefficients A and B, respectively, determined from the condition
which implies
At this stage, the photon propagator reads
Now if we first impose that the 4-momentum should have vanishing contraction with the 4-current:
by virtue of current conservation, and then take the limit
according to experiment, we recover the massless photon propagator with the Feynman choice for α.
The above order in which the operations are performed is crucial: first impose Eq.
(8.6) in the interaction picture [25] , which shows that k µ k ν terms do not affect physics and can be eventually omitted from the integrand defining the photon propagator. Then take the α → ∞ limit while making sure that On setting m γ = 0, the gauge-field operator acting on A µ in our version of electroweak theory receives contributions from
and from the gauge-averaging term
Adding together the three resulting contributions one gets, by virtue of (1.3) and (7.1), the following photon contribution to the Lagrangian density:
where 
Similarly to Sec. 6, gauge parameters can be renormalized by setting 13) and requiring that the counterterm Lagrangian should contain no massive term for photons.
This leads to the equations ρ 2 0 f 00 = 1, (8.14) 16) which are solved by
Nature of Previous Structures
Since there is no need to perform a gauge averaging in the path integral for spin-1 2 fields [7, 17] , we do not succeed in finding alternatives to the Higgs mechanism for the generation of fermionic masses. However, also our bosonic analysis needs an assessment, to make sure our massive terms in the quantum theory are properly understood. Indeed, our gaugeaveraging functional for QED is a map
where Φĵ i (A) belongs to the set of 4 × 4 matrices, and can be written in the form (see
having defined the linear operator
In the non-Abelian case, our gauge-averaging functional is the map 4) and can be therefore viewed as a vector field on the Lie group of the theory, with components given by 4 × 4 matrices. It can be expressed in the form (with summation over µ only) 5) which is obtained from the linear operator
The associated gauge-averaging term in the quantum Lagrangian reads
where (Ω ab )k j is the 16 × 16 matrix having diagonal form
With a unified notation, we can say that τ ab is the 4 × 4 matrix given in Eq. 
Concluding Remarks
The current models of mass generation in field theory rely on the assumption that Higgs bosons exist, with the associated Higgs mechanism [1] . However, if Higgs bosons were to remain elusive, the problem remains to understand to which extent the general principles of quantum field theory make it possible to account for the existence of massive vector bosons. This has been precisely the aim of our paper, and our original contributions are as follows.
(i) Derivation of the supplementary conditions (3.6) from the point of view of gauge averaging in the path integral.
(ii) New photon and ghost propagators in quantum electrodynamics, with a deeper perspective on the massless nature of photons in vacuum QED (Sec. 5).
(iii) Renormalization of the gauge parameter β in such a way that the counterterm Lagrangian remains gauge-invariant (Sec. 6).
(iv) Mechanism for mass generation in quantized Yang-Mills theory, generalizing the Maxwell construction with the help of the invertible matrix (7.15) . Note that both τ 00 and τ 03 depend linearly on τ 33 , and hence there exist infinitely many choices of τ 33 leading to
the same values of m 2 Z (see (7.19) ), and similarly for τ and m 2 W (see (7.18) ). Moreover, Eqs. (7.18) and (7.19) make it possible to express β 1 , β 2 and β 3 in terms of m w , τ, m γ , m Z , τ 33 and the Weinberg angle θ. Thus, eventually, the gauge-averaging functional is only found up to infinitely many possible choices of τ and τ 33 , in agreement with the basic requirement that masses of vector mesons should be independent of both Φ a and τ ab [7, 17] . The associated massless limit for photons has been studied in detail in Sec. 8; this is a singular limit which can only be taken after the general path-integral formulae for the photon propagator have been worked out, as we have shown therein. We remark that our m γ has only been included into the full quantum action via path integrals, and hence our model differs substantially from the Proca and Stueckelberg models [26] .
It should be stressed, however, that the ideas and calculations presented in our paper do not prove that the Higgs mechanism should be abandoned. They only show that, if no fundamental scalar field exists, the techniques normally used in field theory to obtain invertible operators on gauge fields and to avoid overcounting of gauge-equivalent configurations in the path integral can be applied to generate mass terms. While our paper was receiving completion, the LEP collaboration has announced data which can be accounted for by assuming a Higgs boson with mass of about 115 GeV [27] [28] [29] [30] [31] . New theoretical investigations have been therefore performed, including a probability density calculation of the Higgs boson mass [32] . However, there is not yet conclusive evidence in favour of the existence of Higgs bosons, and only the Large Hadron Collider (LHC) can rule out some of the existing models. In particular, our model reflects the desire to develop theoretical physics with the minimal amount of structures and making use of known fields only.
As we acknowledge in Sec. 9, no path-integral approach can succeed in generating mass terms for spin- 1 2 fields. Nevertheless, it appears relevant to have found a mechanism for generating massive terms in the quantization of non-Abelian theories while preserving perturbative renormalizability and independence of particular values of gauge parameters, as we have done. As far as we can see, since the co-domain of our gauge-averaging functional is larger, as we describe in Sec. 9, our approach has, by construction, greater potentialities with respect to the approach in which the β parameters are set to zero from the beginning, and hence leads to combinations of gauge parameters reproducing the masses observed in experiments.
